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Abstract. We establish an integral variational principle for the spreading
speed of the one dimensional reaction diffusion equation with Stefan boundary
conditions, for arbitrary reaction terms. This principle allows to obtain in
a simple way the dependence of the speed on the Stefan constant. As an
application a generalized Zeldovich-Frank-Kamenetskii lower bound for the
speed, valid for monostable and combustion reaction terms, is given.
1. Introduction. The scalar reaction diffusion equation ut = uxx + f(u) where
f(0) = f(1) = 0 has been studied extensively as it models problems in biology,
chemical physics, and population dynamics among others. The study of the logis-
tic reaction term f(u) = u(1 − u) by Fisher[13], and the general class studied by
Kolmogorov, Petrovsky and Piskunov [17] showed that a sufficient localized initial
condition u(x, 0) evolves into a monotonic traveling wave u(x, t) = q(x− ct) joining
the stable state u = 1 to the unstable state u = 0. The speed was proven to be given
by cKPP = 2
√
f ′(0), for all reaction terms which satisfied f > 0, uf(u) < f ′(0) in
(0, 1) [17]. On the other hand, Zeldovich and Frank-Kamenetskii in the study of
combustion studied a reaction term sharply peaked at u = 1, and for the limiting
case of a delta function at u = 1, showed that the speed of the front is given by
cZFK =
√
2
∫ 1
0
f(u)du. This value was later shown to be a lower bound on the
speed for all reaction terms which satisfy f ≥ 0 in (0, 1)[6]. Depending on the phe-
nomenon under study the reaction term obeys additional constraints. Generically,
the reaction terms are classified as monostable, bistable or of combustion type. In
the monostable case, which we call case A, it satisfies
f ′(0) > 0, f ′(1) < 0, and f > 0 on (0, 1). (1)
It is of bistable type, (case B) if it satisfies
f(u) < 0 for u on (0, a), f > 0 on (a, 1), and
∫ 1
0
f(u)du > 0. (2)
In the combustion case (Case C) it obeys
f = 0 on (0, a), and f > 0 on (a, 1). (3)
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Finally we include case D,
f ′(0) = 0, f > 0 on (0, 1). (4)
Existence of traveling monotonic fronts, and conditions on initial conditions
u(x, 0) for convergence into monotonic fronts were proven in [1]. For arbitrary
monostable reaction terms the speed can be determined by a local [15] or an in-
tegral variational principle [3]. An integral variational principle valid for general
reaction terms of any type allows to obtain the speed for cases A-D [2].
In recent years, the study of a reaction diffusion equation with a free boundary,
also called Stefan boundary conditions, has been introduced as a model that ex-
hibits spreading–vanishing dichotomy, effect absent in the standard problem where
a sufficiently localized perturbation u(x, 0) always leads to a traveling wave q(x−ct).
The dynamics of the scalar reaction diffusion equation with Stefan boundary condi-
tions was first introduced by [8, 9] and further studied in a series of works, namely
[7, 10, 11, 12, 19, 16, 18].
The purpose of this manuscript is to study the speed of the spreading regime,
more precisely, we show that the speed of the spreading front satisfies a variational
principle valid for arbitrary reaction terms.
2. Variational principle. We study the reaction diffusion equation in one dimen-
sion with Stefan boundary conditions,
ut = uxx + f(u) with f(0) = f(1) = 0,
ux(0, t) = 0, u(L(t), t) = 0,
dL(t)
dt
= −κux(L(t), t),
(5)
where L(t) is the free boundary and subscripts denote derivatives with respect to
the independent variables x and t. It has been shown that in the spreading regime
there is a unique traveling wave solution u(x, t) = q(x − ct) [11, 19]. The problem
we address here is the determination of the speed of a spreading front as a function
of the reaction term and of the Stefan parameter κ. Spreading traveling wave
solutions u(x, t) = q(x − ct) correspond to solutions of the ordinary differential
equation [11, 16]
qzz + cqz + f(q) = 0, with q(−∞) = 1, q(0) = 0, qz(0) = −c/κ (6)
where z = x− ct.
In this work we construct a variational principle for the speed of monotonic fronts
valid for general reaction functions f(u). The approach is based on previous results
[2, 3] for the standard reaction diffusion problem.
It is convenient to work in phase space; defining p(q) = −qz, solving Eq. (6)
reduces to finding the solutions of
p(q)
dp
dq
− cp(q) + f(q) = 0, (7a)
p(0) = c/κ p(1) = 0 p > 0 in (0, 1). (7b)
Notice form (7b) that the standard reaction diffusion problem is obtained in the
limit κ→∞.
Let g(q) be an arbitrary decreasing positive function, so that h(q) = −g′(q) > 0.
Multiplying Eq. (7a) by g(q), and integrating in q between 0 and 1, after integrating
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by parts and using the boundary conditions Eq. (7b) one obtains the identity
c
∫ 1
0
p(q)g(q)dq − 1
2
∫ 1
0
h(q)p2(q)dq =
∫ 1
0
f(q)g(q)dq − g(0) c
2
2κ2
(8)
However since p, h, f, and g are positive, for every fixed q
c p(q) g(q)− 1
2
h(q)p2(q) ≤ c
2
2
g2(q)
h(q)
(9)
and replacing (9) in (8) we obtain
c2 ≥ 2
∫ 1
0
f(q)g(q)dq
g(0)/κ2 +
∫ 1
0
g2(q)/h(q) dq
. (10)
For any arbitrary decreasing function g(q) we have a bound on the speed. To show
that this is a variational principle we must prove that there exists a function g, say
gˆ, for which equality holds in (10). It follows from (8) that equality holds when
p(q) = cgˆ(q)/hˆ(q), that is,
gˆ′
gˆ
= − c
p
. (11)
where p is the solution of (7a,7b). Since p(0) does not vanish, the solution of (11)
can be written as
gˆ(q) = gˆ(0) Exp
[
−c
∫ q
0
ds
p(s)
]
. (12)
The explicit solution (12) implies gˆ(1) = 0. Since (10) is homogeneous in g, without
loss of generality one may choose g(0) = 1. We conclude then that
c2 = max
g
2
∫ 1
0
f(q)g(q)dq∫ 1
0
g2(q)/h(q) dq + 1κ2
. (13)
where the maximum is taken over all positive decaying functions g(u) for which the
integrals exist and g(0) = 1. The optimizing function gˆ(u) exists and is given by
(12).
From the variational principle it follows that the speed increases monotonically
with κ. In effect, using the Feynman Hellman theorem we obtain
dc2
dκ
=
4
κ3
∫ 1
0
f(q)gˆ(q)dq[∫ 1
0
gˆ2(q)/hˆ(q) dq + 1κ2
]2 (14)
Since c ≥ 0 and κ ≥ 0 it follows that c increases with κ for any reaction term. It
follows from (13) that limκ→0 c = 0 and limκ→∞ c = crd, with crd the speed of the
standard reaction diffusion problem for the same reaction term.
3. A general ZFK bound. The reaction diffusion equation for combustion prob-
lems was studied in [21] where, for a reaction term close to a delta function at u = 1,
the speed was found to be
cZFK =
√
2
∫ 1
0
f(u)du. (15)
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It was shown later that for all reaction terms f ≥ 0 in (0,1) this value represents
a lower bound, [6]. In this section we show that for the reaction diffusion problem
(5) in cases A, C and D,
c ≥ κ
1 + κ
cZFK. (16)
To establish this bound we need to choose an appropriate trial function g. For
the combustion reaction term studied in [21] the reaction is close to zero everywhere
except close to u = 1, The solution for p(u) in the region where f is negligible is
given by pZFK(u) = c(1 + κu)/κ. Using this expression as a guess for p(u) (which is
not the solution for arbitrary f > 0), we construct a trial function gZFK(u) which
will allow to obtain a bound on the speed. Let
gZFK(u) = Exp
[
−c
∫ q
0
ds
pZFK(s)
]
=
1
1 + κu
. (17)
Using this trial function in (10) we obtain
c2 ≥ 2κ
2
1 + κ
∫ 1
0
f(u)
1 + κu
du ≥ 2κ
2
(1 + κ)2
∫ 1
0
f(u)du
which is the bound (16). In the last step we have used f(u)/(1 + κu) ≥ f(u) for
f ≥ 0, κ > 0, 0 < u < 1.
Finally in the next section we apply the variational theory to a specific reaction
term which has been studied in the literature.
4. Application to the reaction term f(u) = um(1− u). For the reaction term
f(u) = um(1 − u) it has been shown [19] that the the speed of the Stefan front is
continuous and strictly decreasing in m. For m = 1 the speed as a function of κ is
studied numerically in [14] and an explicit analytical expression is found by means
of perturbation theory close to c = 0 [14]. Here we prove the first result using the
variational principle and obtain an analytical lower bound for the speed for the case
m = 1.
To prove that the speed is a decreasing function of m, we use again the Feynman
Hellman theorem, that is,
dc2
dm
=
2
∫ 1
0
dqm(1−q)
dm gˆ(q)dq∫ 1
0
gˆ2(q)/hˆ(q) dq + 1κ2
=
2
∫ 1
0
qm(1− q) ln q gˆ(q)dq∫ 1
0
gˆ2(q)/hˆ(q) dq + 1κ2
≤ 0 (18)
since ln q < 0 for u ∈ (0, 1).
Next we apply the results given above to the Fisher equation f(u) = u(1 − u).
We use two trial functions to obtain lower bounds on the speed. First consider the
simplest decaying function that satisfies g(0) = 1, namely
g1(q) = 1− λq,
which for λ = 0.22 yields the bound
c ≥ c1 = 0.23141κ
1 + 0.0556737κ2
, (19)
To construct a second trial function we use a guess p(q) = (c/κ)(1− q)(1 + κq) and
proceeding as in (17) we construct the second trial function
g2(q) =
(
1− q
1 + κq
)κ/(1+κ)
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With this trial function (10) yields
c2 ≥ 2κ
2(1 + κ) [(3 + 4κ) (2− 2F1[1, κ1, 3 + κ1,−κ])− (2 + κ) 2F1[1, κ1, 4 + κ1,−κ]]
(1 + 2κ)(3 + 4κ) (2 + 3κ+ κ(1 + κ) 2F1[1, κ2, 3 + κ1,−κ])
(20)
where κ1 = κ/(κ+ 1), κ2 = −1/(κ+ 1).
In Fig. 4 we compare these bounds with the numerical results obtained in [14].

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Figure 1. Speed as a function of κ for the Fisher reaction term.
The continuous line is the lower bound (20) and the dashed lined
is the bound (19) obtained with the simplest trial function. The
dots show the numerical results reported in [14].
We see that the lower bound is close to the numerical results, the exact value
can be approached arbitrarily close by adequate choice of trial functions.
5. Remarks. The variational principle that we have formulated for the speed of
spreading fronts of the reaction diffusion equation can be extended to the case
of density dependent reaction diffusion with Stefan conditions and to nonlinear
convective terms of the form φ(u)ux.
REFERENCES
[1] D. G. Aronson and H. F. Weinberger, Multidimensional non-linear diffusion arising in
population-genetics, Adv. Math., 30 (19878), 33–76.
[2] R. D. Benguria and M. C. Depassier, Speed of fronts of the reaction-diffusion equation, Phys.
Rev. Lett., 77 (1996), 1171-1173.
[3] R. D. Benguria and M. C. Depassier, Variational characterization of the speed of propagation
of fronts for the nonlinear diffusion equation, Commun. Math. Phys., 175 (1996), 221–227.
[4] R. D. Benguria and M. C. Depassier, A Variational Method for Nonlinear Eigenvalue Prob-
lems, Contemp. Math., 217 (1998), 1–.
[5] R. D. Benguria and M. C. Depassier, Variational characterization of the speed of reaction dif-
fusion fronts for gradient dependent diffusion, Ann. Henri Poincare´ C: Non Linear Analysis,
19 (2018), 2717–2726.
[6] H. Berestycki and L. Nirenberg, Traveling fronts in cylinders, Ann. Henri Poincare´ C, 9
(1992), 497–572.
[7] G. Bunting, Y. Du and K. Krakowski, Spreading speed revisited: analysis of a free boundary
model, Netw. Heterog. Media, 7 (2012), 583–603.
[8] Y. Du and Z. Lin, Spreading-vanishing dichotomy in the diffusive logistic model with a free
boundary, Siam J. Math. Anal., 42 (2010), 377–405.
[9] Y. Du and Z. Lin, Erratum: Spreading-vanishing dichotomy in the diffusive logistic model
with a free boundary, Siam J. Math. Anal., 45 (2013), 1995–1996.
[10] Y. H. Du and Z. M. Guo, The Stefan problem for the Fisher-KPP equation, J. Differential
Equations, 253 (2012), 996–1035.
[11] Y. H. Du and B. D. Lou, Spreading and vanishing in nonlinear diffusion problems with free
boundaries, J. Eur. Math. Soc., 17 (2015), 2673–2724.
6 R. D. BENGURIA AND M. C. DEPASSIER
[12] Y. H. Du, B. D. Lou and M. L. Zhou, Nonlinear diffusion problems with free boundaries:
convergence, transition speed, and zero number arguments Siam J. Math. Anal., 47 (2015),
3555–3584.
[13] R. A. Fisher, The wave of advance of advantegeous genes, Ann. Eugenics , 7 (1937), 355–369.
[14] M. El-Hachem M., S. W. McCue, W. Jin, Y. Du and M. J. Simpson, Revisiting the Fisher–
Kolmogorov–Petrovsky–Piskunov equation to interpret the spreading–extinction dichotomy,
Proc. R. Soc. Lond. Proc. Ser. A Math. Phys. Eng. Sci., 475 (2019), 20190778.
[15] K. P. Hadeler and F. Rothe, Traveling fronts in nonlinear diffusion equations, J. Math. Biol.,
2 (1975), 251-263.
[16] K. P. Hadeler, Stefan problem, traveling fronts, and epidemic spread, Discrete Contin. Dyn.
Syst.-Ser. B, 21 (2016), 417–436.
[17] A. N. Kolmogorov, I. G. Petrovskii and N. S. Piskunov, A study of the diffusion equation
with increase in the amount of substance, and its application to a biological problem, Bull.
Moscow Univ. Math. Mech. , 1 (1937), 1–26.
[18] C. Lei, H. Matsuzawa, R. Peng and M. Zhou, Refined estimates for the propagation speed of
the transition solution to a free boundary problem with a nonlinearity of combustion type, J.
Differential Equations, 265 (2018), 2897–2920.
[19] N. Sun, Asymptotic behavior of solutions of a degenerate Fisher–KPP equation with free
boundaries, Nonlinear Anal. Real World Appl., 24 (2015), 98 – 107.
[20] R. H. Wang, L. Wang and Z. C. Wang, Free boundary problem of a reaction–diffusion equation
with nonlinear convection term, J. Math. Anal. Appl., 467 (2018), 1233–1257.
[21] Y. B. Zeldovich and D. A. Frank-Kamenetskii, A theory of thermal flame propagation, Zh.
Fiz. Khim. , 12 (1938), 100-105.
E-mail address: rbenguri@uc.cl
E-mail address: mcdepass@uc.cl
